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In this paper, we analyze the vertices of doubly heavy spin-3=2–spin-1=2 baryons with light mesons
within the method of light-cone QCD sum rules. These vertices are parametrized in terms of one (three)
coupling constant(s) for the pseudoscalar (vector) mesons. The said coupling constants are calculated for all
possible transitions. The results presented here can serve as useful information in experimental as well as
theoretical studies of the properties of doubly heavy baryons.
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I. INTRODUCTION
The quark model predicts the existence of many doubly
heavy baryons. Ξþcc was discovered in experiments in the
decay modes Λþc K−πþ and pDþK− with the mass
mΞþcc ¼ 3518.7 17 MeV by the SELEX Collaboration
at Fermilab [1,2] and Ξþþcc was observed by the LHCb
Collaboration [3,4] in the Λþc K−πþπþ mass spectrum and
confirmed via measuring Ξþþcc → Ξþc πþ with the mass
mΞþþcc ¼ 3621.24 0.65 0.31 MeV.
The main effort of experimentalists is focused on the
discovery of other members of doubly heavy baryons
predicted by the quark model. From the theoretical point
of view, these baryons provide an excellent laboratory to
study their electromagnetic, weak, and strong decays for a
better understanding their quark structure, check the
predictions of heavy-quark symmetry, as well as gain
information about perturbative and nonperturbative aspects
of QCD.
The strong coupling constants of doubly heavy baryons
with light mesons are the main ingredients of their decays.
The formation of hadrons takes place at a low-energy
domain which belongs to the nonperturbative region of
QCD. Thus, for the determination of the strong coupling
constants of doubly heavy baryons with light mesons, we
need some nonperturbative method. At the hadronic scale,
one should refer to nonperturbative methods in QCD as the
strong coupling constant is large and hence perturbative
theory becomes invalid. The method of the QCD sum rules
[5] has proved to be one of the most powerful among all
other nonperturbative methods in studying the properties of
hadrons. The most advanced version of the method appears
to be the light-cone formalism. The light-cone sum rules
(LCSR) was introduced in [6–8] and then rapidly devel-
oped by applying it to the wide spectrum of problems of
hadron physics (see, for example, the reviews [9–11] and
references therein). Here, we would like to mention that the
strong coupling constants for DDπ and BBπ within the
LCSR were first estimated in [12].
In the LCSR, the operator product expansion (OPE) is
performed over a twist near the light cone, x2 ∼ 0. In this
case, there appear matrix elements of nonlocal operators
between a one-particle baryon state and the vacuum. These
matrix elements are parametrized in terms of distribution
amplitudes (DAs).
Properties of doubly heavy baryons have been studied
within the frameworks of lattice QCD [13], quark spin
symmetry [14,15], and QCD sum rules [16–20]. The strong
coupling constants of doubly heavy spin-1=2 baryons are
examined in [20–23]. The strong coupling constants of
light vector mesons with doubly heavy spin-3=2 baryons
are estimated in [24]. We would like to emphasize the work
[12] where the DDπ and BBπ strong coupling constants
are calculated within the LCSR formalism, which is related
to the present work.
This paper is organized as follows. In Sec. II, we derive
the LCSR for the coupling constants of the light mesons
with doubly heavy baryons in the spin-3=2-to-spin-1=2
transitions. In Sec. III, the numerical analysis of the
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obtained sum rules is performed. Section IV contains our
conclusion.
II. LIGHT-CONE SUM RULES FOR THE
SPIN-3=2–SPIN-1=2 DOUBLY HEAVY BARYONS
WITH LIGHT MESONS
To determine the coupling constants of the pseudoscalar
and vector mesons with the spin-3=2-to-spin-1=2 doubly





where MðqÞ is a light meson with 4-momentum q, and ημ
and η denote the interpolating current of the corresponding
spin-1=2 and spin-3=2 doubly heavy baryons, respectively.
The most general form of the interpolating current for spin-
1=2 doubly heavy baryons can be written as















where N ¼ ffiffiffiffiffiffiffi1=3p ð ffiffiffiffiffiffiffi2=3p Þ for identical (different) quarks
and
A11¼C; A12¼ γ5; A21¼Cγ5; A22¼βI; B¼Cγμ: ð5Þ
Here, T is the transpose, C is the charge conjugation
operator, and β is an arbitrary parameter, for which β ¼ −1
corresponds to the Ioffe current. The superscripts S and A
in Eqs. (3) and (4) indicate symmetric and antisymmetric
currents with respect to the interchange of heavy quarks.
In order to obtain the LCSR for appropriate quantities,
the correlation function is calculated in two different
regions: First, in terms of hadrons and second, in terms
of quark-gluon degrees of freedom in the deep Euclidean
region by using the OPE. Then, by using the dispersion
relation, these two representations are matched and as a
result, the desired sum rules are obtained.
The hadronic representation of the correlation function
can be obtained by inserting the complete set of baryon
states carrying the same quantum numbers as the inter-





þ    ð6Þ
where Bðp2Þ and Bðp1Þ denote the spin-3=2 and spin-1=2
doubly heavy baryons and m2 and m1 their mass, respec-
tively. In Eq. (6),    describes the contribution of higher
states and the continuum.
For the calculation of the phenomenological side of the
correlation function, the matrix elements h0jημjBðp2Þi,
hMðqÞBðp2ÞjBðp1Þi, and hBðp1Þjηj0i are needed. These
matrix elements are determined in the following way:
h0jηjBðp1Þi ¼ λ1uðp1Þ ð7Þ
h0jημjBðp2Þi ¼ λ2uμðp2Þ ð8Þ
hPðqÞBðp2ÞjBðp1Þi ¼ gūαðp2Þuðp1Þqα: ð9Þ
The matrix element hVðqÞBðp2ÞjBðp1Þi is parametrized in
terms of three couplings as follows [25]:
hVðqÞBðp2ÞjBðp1Þi ¼ ūαðp2Þ½g1ðεα=q − qα=εÞγ5
þ g2ðP · qεα − P · εqαÞγ5
þ g3ðq · εqα − q2εαÞγ5uðp1Þ
ð10Þ
where uðp1Þ is the Dirac bispinor for spin-1=2 baryons
while uαðp2Þ is the Rarita-Schwinger spinor for spin-3=2
baryons, εμ is the polarization four-vector of the light vector
meson, P ¼ ðp1 þ p2Þ=2, and q ¼ p1 − p2. In the follow-
ing discussions, we denote p2 ¼ p and p1 ¼ pþ q as well
as impose the on-shell condition for the vector meson,
namely, q2 ¼ m2V , and the gauge condition q · ε ¼ 0.
Taking into account Eqs. (7)–(10) in Eq. (6) and using
the completeness conditions for Dirac and Rarita-
Schwinger spinors, which read
X
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one can easily get the expressions for the strong coupling
constants of the light mesons with the doubly heavy
baryons. Before moving to the next calculations, here
we would like to bring the attention of the reader to the
existence of two problems:
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(i) The negative-parity spin-1=2 baryon B−ðpÞ contrib-
utes to the matrix element h0jημjB−ðpÞi. From










From this equation, it follows that the structures
proportional to γμ and pμ contain the contributions
coming not only from spin-3=2 baryons, but also
from spin-1=2 baryons, which should be eliminated.
Therefore, we will discard these structures in the
next discussions. From Eq. (12), it follows that only
the structures proportional to gαβ contain solely the
contribution of the spin-3=2 state.
(ii) Not all Lorentz structures are independent. This
problem can be overcome by using a specific
order of Dirac matrices. For the calculations of
the strong coupling constants of pseudoscalar (vec-
tor) mesons with the spin-3=2 and spin-1=2 baryons,
the ordered Dirac matrices are chosen in the form
=q=pγμðγμ=ε=q=pγ5Þ.
Taking into account these facts and using Eqs. (7)–(10) in





ΠðVÞμ ¼ λ1λ2½m21 − ðpþ qÞ2½m22 − p2
½−g1ðm1 þm2Þ=ε=pγ5qμ
þ g2=q=pγ5p · εqμ þ g3m2V=q=pγ5εμ
þ other structures: ð15Þ
To obtain the LCSR for the aforementioned coupling
constants, we need to calculate the correlation function
from the QCD side and choose the coefficients of the same
structures and then match with the results from the hadronic
part. The expression of the correlation function is obtained
by using OPE in the deep Euclidean region, p2 ≪ 0 and











































































































































Here, SQ is the heavy-quark propagator and Ã
i
k ¼ γ0Aik†γ0.
The heavy-quark propagator in the presence of an



























































whereGðnÞλτ is the gluon field strength tensor, the λ
ðnÞ are the




Þ are the modi-
fied Bessel functions of the second kind.



















from Eqs. (16) and (17), it follows that, in the calculation of
the correlation functions from the QCD side, the matrix
elements hMðqÞjq̄Γiqj0i and hMðqÞjq̄ΓiGðnÞλτ qj0i appear,
where fΓig is the full set of Dirac matrices,
Γi ¼









These matrix elements are the main nonperturbative input
parameters of the LCSR and they are expressed in terms of
light meson DAs of different twists. The expressions of
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these matrix elements in terms of meson DAs are found in
[26–31] and for completeness, we present their expressions
in the Appendix A.
Inserting Eqs. (19) and (20) into (16) and (17), perform-
ing a double Borel transformation over the variables −p2
and −ðpþ qÞ2 in both representations of the correlation
function, and choosing the coefficients of the correspond-







































































f16ð−1þ βÞfVmVI22½ϕ⊥3 ðuÞ þ fTV ½16M2ð1þ 2βÞI12½ϕ⊥2 ðuÞ










fið1þ βÞfTVI12½H½1;ϕ⊥2 ðuÞ − 2H½2;ϕ⊥3 ðuÞ þH½2;ψ⊥4 ðuÞ










f32ið−1þ βÞfVmVI22½H½1;ϕk2ðuÞ −H½1;ϕ⊥3 ðuÞ
þ fTVð−16ð1þ βÞI12½H½2;ϕ⊥2 ðuÞ − 2H½2;ϕk3ðuÞ þH½2;ψ⊥4 ðuÞ
þ 16ð1þ 2βÞM2I12½H½1;ϕ⊥2 ðuÞ þ ð1þ 2βÞm2VM2I12½ϕ⊥4 ðuÞÞg ð29Þ





















































Here, for the sake of simplicity, we omit the contributions
coming from the matrix elements of three-particle non-
local operators between the vacuum and one-particle
meson state but we include them in our numerical
analysis. The details of the calculations of the
correlation function from the QCD side are presented
in Appendix B.
Since the masses of the spin-3=2 and spin-1=2 doubly
heavy baryons are close to each other, we put M21 ¼ M22 ¼
2M2 here and in all the following discussions.
III. NUMERICAL ANALYSIS
In this section, we perform the numerical analysis of
the LCSR for the coupling constants g and gi of the light
mesons π, K, ρ, and K in the transition of the spin-3=2-
to-spin-1=2 doubly heavy baryons, namely, Ξcc, Ξbb, Ξbc,
Ωcc, Ωbb, Ωbc to Ξcc, Ξbb, Ξbc, Ωcc, Ωbb, and Ωbc by
using Package X [32]. The LCSR for the coupling
constants g, g1, g2, and g3 involve various input
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parameters such as quark masses, the masses and decay
constants of the light mesons, and the masses and
residues of the said doubly heavy baryons. Some of
these parameters are presented in Table I. Another set of
essential input parameters is meson DAs of different
twists, which are given in Appendix A.
TABLE II. The working region of the parametersM2 and s0 for
the transitions considered in our work. Here,M1 ¼ π or ρ and
M2 ¼ K or K.
Channel M2 ðGeV2Þ s0 ðGeV2Þ
Ξcc → ΞccM1 3.0 ≤ M2 ≤ 4.5 18 4
Ξbb → ΞbbM1 8 ≤ M2 ≤ 12 110 10
Ξbc → ΞbcM1 6 ≤ M2 ≤ 8 60 5
Ωcc → ΞccM2 3.0 ≤ M2 ≤ 4.5 18 4
Ωbb → ΞbbM2 8 ≤ M2 ≤ 12 110 10
Ωbc → ΞbcM2 6 ≤ M2 ≤ 8 60 5
FIG. 1. The dependence of the coupling constant jgj for the
transition Ξþþcc → Ξþccπþ on M2 at shown values of β and the
fixed value of s0 ¼ 18 GeV2.
TABLE I. Some of the values of the input parameters entering
the sum rules. All the masses and decay constants are in units
of GeV.
Parameter Value Parameter Value Parameter Value
ms (1 GeV) 0.137 mΞcc [16] 3.72 λΞcc [16] 0.16
mc 1.4 mΞbb [16] 9.96 λΞbb [16] 0.44
mb 4.7 mΞbc [16] 6.72 λΞbc [16] 0.28
mρ 0.770 mΩcc [16] 3.73 λΩcc [16] 0.18
fρ 0.216 mΩbb [16] 9.97 λΩbb [16] 0.45
fTρ 0.165 mΩbc [16] 6.75 λΩbc [16] 0.29
mK 0.892 mΞcc [17] 3.69 λΞcc [17] 0.12
fK 0.220 mΞbb [17] 10.4 λΞbb [17] 0.22
fTK 0.185 mΞbc [17] 7.25 λΞbc [17] 0.15
mπ 0.135 mΩcc [17] 3.78 λΩcc [17] 0.14
fπ 0.131 mΩbb [17] 10.5 λΩbb [17] 0.25
mK 0.495 mΩbc [17] 7.3 λΩbc [17] 0.17
fK 0.160
FIG. 2. The dependence of the coupling constant jg1j for the
transition Ξþþcc → Ξþccρþ on M2 at shown values of β and the
fixed value of s0 ¼ 18 GeV2.
FIG. 3. The same as Fig. 2 but for jg2j.
FIG. 4. The same as Fig. 3 but for jg3j.
FIG. 5. The dependence of the coupling constant jgj for the
transition Ξþþcc → Ξþccπþ on cos θ at shown values ofM2 and the
fixed value of s0 ¼ 18 GeV2.
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In addition to the input parameters summarized in Table I
and the meson DAs, the LCSR involves three auxiliary
parameters, i.e., the Borel mass parameter M2, the con-
tinuum threshold s0, and the arbitrary parameter β, which
appears in the interpolating current. Hence, one should find
the working regions of these parameters so that the LCSR is
reliable. The lower bound of the Borel mass parameter can
be obtained by insisting that the contributions from the
highest-twist terms should be considerably smaller than the
contributions from the lowest-twist terms. On the other
hand, the upper limit of M2 can be determined by
demanding that the continuum contribution should not
be too large. Meanwhile, the continuum threshold s0 is
obtained by requiring that the two-point sum rules repro-
duce a 10% accuracy of the mass of the doubly heavy
baryons. These criteria lead to the values of M2 and s0
summarized in Table II for the transitions considered.
Our analysis reveals that the contributions from the twist-
four terms in the considered domains of M2 at the shown
values of s0 are smaller than 17% and higher states
contribute 28% at maximum for all the considered chan-
nels. As an example, we present the M2 dependence of g,
g1, g2, and g3 for Ξþþcc → Ξþccπþ and Ξþþcc → Ξþccρþ at
fixed values of s0 and β in Figs. 1–4, respectively. Having
determined the working regions of M2 and s0, one should
find the working region of the auxiliary parameter, β. To do
so, we investigate the dependence of g, g1, g2, and g3 on
cos θ, where θ is defined through the relation β ¼ tan θ.
As an illustration, we present the dependence of the said
coupling constants for the transition Ξþþcc → Ξþcc at fixed
values of M2 and s0 in Figs. 5–8, respectively.
In Figs. 5–8, we observe that the coupling constants
remain practically the same when j cos θj varies between
0.5 and 0.8. Our numerical analysis for the coupling
constants of the doubly heavy baryons with the light
mesons leads to the results presented in Tables III and IV.
The uncertainties are due to the variation of the parameters
M2, s0, and the errors in the values of the input parameters.
In Table III, we observe that the coupling constant g of
doubly heavy spin-3=2–spin-1=2 baryons with light pseu-
doscalar mesons are in good agreement with the ones for
the case of the Ioffe current. In contrast, in Table IV, one
can see that the coupling constants gi of the said baryons
with light vector mesons differ drastically from the ones for
the case of the Ioffe current.
Finally, we would like to note that the couplings for π0
and ρ0 mesons with doubly heavy baryons can be easily
obtained from the obtained results by isospin symmetry.
FIG. 6. The dependence of the coupling constant jg1j for the
transition Ξþþcc → Ξþccρþ on cos θ at shown values ofM2 and the
fixed value of s0 ¼ 18 GeV2.
FIG. 7. The same as Fig. 6 but for jg2j.
FIG. 8. The same as Fig. 6 but for jg3j.
TABLE III. The numerical values of the moduli of the coupling
constants g of the light pseudoscalar mesons with the doubly
heavy baryons.
Channel General Current Ioffe Current
Ξþþcc → Ξþccπþ 0.39 0.02 0.37 0.04
Ξ0bb → Ξ−bbπþ 0.22 0.03 0.20 0.04
Ξþbc → Ξ0bcπþ 0.30 0.02 0.26 0.3
Ωþcc → ΞþccK0 0.99 0.02 0.78 0.08
Ω−bb → Ξ−bbK0 0.61 0.04 0.43 0.07
Ω0bc → Ξ0bcK0 0.78 0.03 0.55 0.06
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IV. CONCLUSION
The discovery of Ξþcc by the SELEX and Ξþþcc by
the LHCb Collaborations stimulated theoretical and
experimental studies for the investigation of the properties
of other doubly heavy baryons in a new manner.
Experimentally, the main attempt is focused on the discovery
of doubly heavy baryons predicted by the quark model.
Theoretically, the main effort is made to find promising
decay channels, which can be potentially discovered in
experiments. In this sense, one of the most important issues
of doubly heavy baryons is the determination of the strong
decay couplings among them. In the present work, we study
the strong coupling constants of spin-3=2-to-spin-1=2 tran-
sitions with pseudoscalar (π and K) and vector (ρ and K)
mesons. The obtained results on these strong coupling
constants can carry useful information not only about the
internal structure of doubly heavy baryons, but also about the
nonperturbative interaction of these objects. The results on
these coupling constants can play a useful role in deeper
studies about the properties of doubly heavy baryons.
APPENDIX A: DISTRIBUTION AMPLITUDES FOR LIGHT MESONS
In this section, for completeness, we collect the matrix elements hMðq; εÞjq̄ðxÞΓiqð0Þj0i and hMðq; εÞjq̄ðxÞ×
ΓiGμνqð0Þj0i and the relevant distribution amplitudes for light mesons together with the most recent values for the DA
parameters involved [26–31].
1. Pseudoscalar mesons






































































TABLE IV. The numerical values of the moduli of the coupling constants of the light vector mesons with the doubly heavy baryons.
Case of the General Current Case of the Ioffe Current
Channel jg1j jg2j jg3j jg1j jg2j jg3j
Ξþþcc → Ξþccρþ 1.27 0.22 0.10 0.02 8.72 1.56 0.59 0.10 0.01 0.00 3.71 0.64
Ξ0bb → Ξ−bbρþ 0.78 0.18 0.02 0.00 15.51 3.68 0.33 0.08 0.00 0.00 6.47 1.52
Ξþbc → Ξ0bcρþ 1.08 0.16 0.05 0.00 14.60 2.24 0.47 0.07 0.00 0.00 6.12 0.92
Ωþcc → ΞþccK0 1.30 0.22 0.33 0.06 8.37 1.59 0.59 0.10 0.23 0.02 3.10 0.57
Ω−bb → Ξ−bbK0 0.85 0.19 0.08 0.01 16.50 3.90 0.36 0.08 0.05 0.00 6.64 1.55
Ω0bc → Ξ0bcK0 1.12 0.17 0.14 0.01 14.61 2.32 0.48 0.07 0.09 0.00 5.81 0.91
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where mq1 ¼ mu and mq2 ¼ md for the pion, and mq1 ¼ mu and mq2 ¼ ms for the kaon. Here, φPðuÞ, ÂðuÞ, B̂ðuÞ, φPðuÞ,
φσðuÞ, T ðαiÞ, A⊥ðαiÞ, AkðαiÞ, V⊥ðαiÞ, and VkðαiÞ are the distribution amplitudes of the pseudoscalar meson with definite
twist. The relevant DAs are as follows:









































C3=22 ð2u − 1Þ

ðA10Þ








where the CknðxÞ are the Gegenbauer polynomials and the values of the parameters inside the DAs at the renormalization
scale of μ ¼ 1 GeV are aπ1 ¼ 0, aπ2 ¼ 0.44, aK1 ¼ 0.06, aK2 ¼ 0.25, η3 ¼ 0.015, and w3 ¼ −3 for the pion and w3 ¼ −1.2
for the kaon. The accuracy of these input parameters are around 30%.
2. Vector mesons
Up to twist-four accuracy, the matrix elements hVðq; εÞjq̄ðxÞΓqð0Þj0i and hVðq; εÞjq̄ðxÞΓGμνqð0Þj0i are given as
follows:
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du eiūq·xðψ⊥4 ðuÞ − ϕ⊥2 ðuÞÞ

ðA14Þ
hVðq; εÞjq̄1ðxÞσαβgsGμνðuxÞq2ð0Þj0i ¼ fTVm2V
ελ · x
2q · x
ðqαqμg⊥βν − qβqμg⊥αν − qαqνg⊥βμ þ qβqνg⊥αμÞ
Z
Dαieiðα1þuα3Þq·xT ðαiÞ

































hVðq; εÞjq̄1ðxÞgsGμνðuxÞq2ð0Þj0i ¼ −ifTVmVðελμqν − ελνqμÞ
Z
Dαi eiðα1þuα3Þq·xSðαiÞ ðA16Þ
hVðq; λÞjq̄1ðxÞgsG̃μνðuxÞγ5q2ð0Þj0i ¼ −ifTVmVðελμqν − ελνqμÞ
Z
Dαi eiðα1þuα3Þq·xS̃ðαiÞ ðA17Þ
hVðq; εÞjq̄1ðxÞgsG̃μνðuxÞγαγ5q2ð0Þj0i ¼ fVmVqαðελμqν − ελnuqμÞ
Z
Dαi eiðα1þuα3Þq·xAðαiÞ ðA18Þ
hVðq; εÞjq̄1ðxÞgsGμνðuxÞiγαq2ð0Þj0i ¼ fVmVqαðελμqν − ελνqμÞ
Z
Dαi eiðα1þuα3Þq·xVðαiÞ ðA19Þ




dα1dα2dα3δð1 − α1 − α2 − α3Þ. Now we list
the DAs.
3. Two-particle twist-two DAs
ϕk2ðuÞ ¼ 6ūð1þ ak1C3=21 ðξÞ þ ak2C3=22 ðξÞÞu ðA20Þ
ϕ⊥2 ðuÞ ¼ 6ūð1þ a⊥1 C3=21 ðξÞ þ a⊥2 C3=22 ðξÞÞu: ðA21Þ
4. Two-particle twist-three DAs
ϕk3ðuÞ ¼ 3ξ2 þ ð3a⊥1 ξð−1þ 3ξ2ÞÞ=2þ ðð15κ⊥3 Þ=2 − ð3λ⊥3 Þ=4Þξð−3þ 5ξ2Þ
þ ð3a⊥2 ξ2ð−3þ 5ξ2ÞÞ=2þ ð5ω⊥3 ð3 − 30ξ2 þ 35ξ4ÞÞ=8 − ð3fVðmq1 −mq2Þξð2þ 9ak1ξ × 2ak2ð11 − 30ūuÞ
þ ð1þ 6ak2 þ 3ak1Þ lnðūÞ þ ð1þ 6ak2 − 3ak1Þ lnðuÞÞÞ=ð2fTVmVÞ þ ð3fVðmq1 þmq2Þð1þ 8ak1ξþ 3ak2ð7 − 30ūuÞ
þ ð1þ 6ak2 þ 3ak1Þξ lnðūÞ − ð1þ 6ak2 − 3ak1Þξ lnðuÞÞÞ=ð2fTVmVÞ ðA22Þ
STRONG VERTICES OF DOUBLY HEAVY … PHYS. REV. D 103, 054044 (2021)
054044-9
ψk3ðuÞ ¼ 6ūð1þ C3=21 ðξÞða⊥1 =3þ ð5κ⊥3 Þ=3Þ − ðC3=23 ðξÞλ⊥3 Þ=20þ C3=22 ðξÞða⊥2 =6þ ð5ω⊥3 Þ=18ÞÞ
× u − ð3fVðmq1 −mq2Þðūð9ak1 þ 10ak2ξÞuþ ð1þ 6ak2 þ 3ak1Þū lnðūÞ − ð1þ 6ak2 − 3ak1Þ
× u lnðuÞÞÞ=ðfTVmVÞ þ ð3fVðmq1 þmq2Þðūuð1þ 2ak1ξþ 3ak2ð7 − 5ūuÞÞ þ ð1þ 6ak2 þ 3ak1Þū lnðūÞ
þ ð1þ 6ak2 − 3ak1Þu lnðuÞÞÞ=ðfTVmVÞ ðA23Þ
ψ⊥3 ðuÞ ¼ 6ūð1þ C3=21 ðξÞðak1=3þ ð20κk3Þ=9Þ þ C3=23 ðξÞð−λk3=8þ λ̃k3=4Þ þ C3=22 ðξÞðak2=6þ ð5ωk3Þ=12 − ð5ω̃k3Þ=24
þ ð10ζk3Þ=9ÞÞu − ð6fTVðmq1 −mq2Þðūð9a⊥1 þ 10a⊥2 ξÞuþ ð1þ 6a⊥2 þ 3a⊥1 Þū lnðūÞ
− ð1þ 6a⊥2 − 3a⊥1 Þu lnðuÞÞÞ=ðfVmVÞ þ ð6fTVðmq1 þmq2Þðūu × ð2þ 3a⊥1 ξþ 2a⊥2 ð11 − 10ūuÞÞ
þ ð1þ 6a⊥2 þ 3a⊥1 Þū lnðūÞ þ ð1þ 6a⊥2 − 3a⊥1 Þ × u lnðuÞÞÞ=ðfVmVÞ ðA24Þ
ϕ⊥3 ðuÞ ¼ ð3ak1ξ3Þ=2þ ð3ð1þ ξ2ÞÞ=4þ ð5κk3 − ð15λk3Þ=16þ ð15λ̃k3Þ=8Þξð−3þ 5ξ2Þ
þ ðð9ak2Þ=112þ ð15ωk3Þ=32 − ð15ω̃k3Þ=64Þð3 − 30ξ2 þ 35ξ4Þ þ ð−1þ 3ξ2Þðð3ak2Þ=7
þ 5ζk3Þ − ð3fTVðmq1 −mq2Þð2ξþ 2a⊥2 ξð11 − 20ūuÞ þ 9a⊥1 ð1 − 2ūuÞ þ ð1þ 6a⊥2 þ 3a⊥1 Þ lnðūÞ
− ð1þ 6a⊥2 − 3a⊥1 Þ lnðuÞÞÞ=ð2fVmVÞ þ ð3fTVðmq1 þmq2Þð2þ 9a⊥1 ξþ 2a⊥2 ð11 − 30ūuÞ
þ ð1þ 6a⊥2 þ 3a⊥1 Þ lnðūÞ þ ð1þ 6a⊥2 − 3a⊥1 Þ lnðuÞÞÞ=ð2fVmVÞ: ðA25Þ
5. Two-particle twist-four DAs
ψk4ðuÞ ¼ 1þ C1=23 ðξÞðð−9ak1Þ=5 − ð20κk3Þ=3 − ð16κk4Þ=3Þ þ C1=21 ðξÞðð9ak1Þ=5þ 12κk4Þ
þ C1=23 ðξÞð−5θk2 þ 10θk1Þ þ ð6fTVðmq1 −mq2Þðξþ ða⊥1 ð−1þ 3ξ2ÞÞ=2
þ ð5κ⊥3 ð−1þ 3ξ2ÞÞ=2þ ða⊥2 ξð−3þ 5ξ2ÞÞ=2þ ð5ω⊥3 ξð−3þ 5ξ2ÞÞ=6
− ðλ⊥3 ð3 − 30ξ2 þ 35ξ4ÞÞ=16ÞÞ=ðfVmVÞ þ C1=24 ðξÞðð−27ak2Þ=28 − ð15ωk3Þ=8
− ð15ω̃k3Þ=16þ ð5ζk3Þ=4Þ þ C1=22 ðξÞð−1 − ð2ak2Þ=7þ ð40ζk3Þ=3Þ − ð20C1=22 ðξÞζk4Þ=3 ðA26Þ
ϕk4ðuÞ ¼ ð6ūfTVðmq1 −mq2Þð−ðC3=21 ðξÞðð82a⊥1 Þ=5þ 10κ⊥3 ÞÞ þ C3=23 ðξÞðð2a⊥1 Þ=5þ ð7λ⊥3 Þ=54Þ
þ ð2C3=25 ðξÞλ⊥3 Þ=135þ C3=24 ðξÞð−2=315þ a⊥2 =5 − ω⊥3 =21Þ þ 20C3=22 ðξÞð10=189
þ a⊥2 =3 − ω⊥3 =21ÞÞuÞ=ðfVmVÞ þ ð6ūfTVðmq1 þmq2Þð2ð3þ 16a⊥2 Þ þ ð10C3=21 ðξÞð−a⊥1
þ κ⊥3 ÞÞ=3 − ðC3=23 ðξÞλ⊥3 Þ=10þ C3=22 ðξÞð−a⊥2 þ ð5ω⊥3 Þ=9ÞÞuÞ=ðfVmVÞ
þ 30ū2ðC5=21 ðξÞðð17ak1Þ=50 − λk3=5þ ð2λ̃k3Þ=5Þ þ ðC5=22 ðξÞðð9ak2Þ=7þ ð7ωk3Þ=6
− ð3ω̃k3Þ=4þ ζk3=9ÞÞ=10þ ð4ð1þ ak2=21þ ð10ζk3Þ=9ÞÞ=5Þu2 þ 30ū2ðC5=21 ðξÞðð2θk2Þ=3
− ð8θk1Þ=15Þ þ ð20ζk4Þ=9Þu2 þ ðfTVðmq1 −mq2Þðð−23 − 108a⊥2 − 54a⊥1 þ 5u2Þ lnðūÞ
− ð−23 − 108a⊥2 þ 54a⊥1 þ 5ū2Þ lnðuÞÞÞ=ðfVmVÞ þ ð24fTVðmq1 þmq2Þðð1þ 6a⊥2
þ 3a⊥1 Þū2 lnðūÞ þ ð1þ 6a⊥2 − 3a⊥1 Þu2 lnðuÞÞÞ=ðfVmVÞ þ 4ðak1 − ð40κk3Þ=3Þðð11
− 3ξ2Þ=8 − ð2 − ūÞū3 lnðūÞ þ ð2 − uÞu3 lnðuÞÞ þ 80ψk2ðð11 − 3ξ2Þ=8
− ð2 − ūÞū3 lnðūÞ þ ð2 − uÞu3 lnðuÞÞ − 80ω̃k4ððūð21 − 13ξ2ÞuÞ=8þ ū3ð10 − 15ū
þ 6ū2Þ lnðūÞ þ u3ð10 − 15uþ 6u2Þ lnðuÞÞ þ 2ð−2ak2 þ 3ωk3 − ð14ζk3Þ=3Þððūð21
− 13ξ2ÞuÞ=8þ ū3ð10 − 15ūþ 6ū2Þ lnðūÞ þ u3ð10 − 15uþ 6u2Þ lnðuÞÞ ðA27Þ
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ψ⊥4 ðuÞ ¼ 1þ C1=21 ðξÞðð−3a⊥1 Þ=5þ 12κ⊥4 Þ þ ðC1=25 ðξÞλ⊥3 Þ=3þ C1=24 ðξÞðð−3a⊥2 Þ=7
− ð5ω⊥3 Þ=4Þ þ C1=23 ðξÞðð3a⊥1 Þ=5 − 5κ⊥3 − 12κ⊥4 − λ⊥3 =3þ 5ðð−θ⊥2 − θ̃⊥2 Þ=2þ θ⊥1
þ θ̃⊥1 ÞÞ þ ðfVðmq1 þmq2Þð3ð1þ 6ak2Þ þ 3ak1C1=21 ðξÞ þ 5C1=23 ðξÞð4κk3 − ð3λk3Þ=4
þ ð3λ̃k3Þ=2Þ þ ð15C1=24 ðξÞð2ωk3 − ω̃k3ÞÞ=4þ 5C1=22 ðξÞð−3ak2 þ 4ζk3ÞÞÞ=ðfTVmVÞ
þ C1=22 ðξÞð−1þ ð3a⊥2 Þ=7 − 10ðζ⊥4 þ ζ̃⊥4 ÞÞ − ð6ūfVðmq1 −mq2Þð9ak1 þ 10ak2ξÞ × uÞ=ðfTVmVÞ
þ ð6fVðmq1 −mq2Þð−ðð1þ 6ak2 þ 3ak1Þū lnðūÞÞ þ ð1þ 6ak2 − 3ak1Þ × u lnðuÞÞÞ=ðfTVmVÞ
þ ð6fVðmq1 þmq2Þðð1þ 6ak2 þ 3ak1Þū lnðūÞ þ ð1þ 6ak2 − 3ak1Þ × u lnðuÞÞÞ=ðfTVmVÞ ðA28Þ
ϕ⊥4 ðuÞ ¼ 30ū2ð2=5þ ð4a⊥2 Þ=35 − ð4C5=23 ðξÞλ⊥3 Þ=1575þ C5=22 ðξÞðð3a⊥2 Þ=35þ ω⊥3 =60Þ
þ C5=21 ðξÞðð3a⊥1 Þ=25þ κ⊥3 =3 − λ⊥3 =45þ ð7θ⊥2 Þ=30 − ð3θ̃⊥2 Þ=20 − θ⊥1 =15þ θ̃⊥1 =5Þ
þ ð4ζ⊥4 Þ=3 − ð8ζ̃⊥4 Þ=3Þu2 þ ð−a⊥1 þ 5κ⊥3 − 20ϕ̃⊥2 Þððūξð−11þ 3ξ2ÞuÞ=2þ 4ð2 − ūÞ
× ū3 lnðūÞ − 4ð2 − uÞu3 lnðuÞÞ þ ðð−36a⊥2 Þ=11 − ð252⟪Qð1Þ⟫Þ=55 − ð140⟪Qð3Þ⟫Þ=11
þ 2ω⊥3 Þð−ðūð−21þ 13ξ2ÞuÞ=8þ ū3ð10 − 15ūþ 6ū2Þ lnðūÞ þ u3ð10 − 15uþ 6u2Þ lnðuÞÞ: ðA29Þ
6. Three-particle twist-three DAs
Sðα1; α3Þ ¼ 30α23ððð−3ðα21 þ ð1 − α1 − α3Þ2ÞÞ=2þ ð1 − α3Þα3Þψ⊥2 þ ð−6α1ð1 − α1 − α3Þ
þ ð1 − α3Þα3Þψ⊥1 þ ð1 − α3Þψ⊥0 − ð−1þ 2α1 þ α3Þððð−3þ 5α3Þθ⊥2 Þ=2þ α3θ⊥1 θ⊥0 ÞÞ ðA30Þ
S̃ðα1; α3Þ ¼ 30α23ððð−3ðα21 þ ð1 − α1 − α3Þ2ÞÞ=2þ ð1 − α3Þα3Þψ̃⊥2 þ ð−6α1ð1 − α1 − α3Þ
þ ð1 − α3Þα3Þψ̃⊥1 þ ð1 − α3Þψ̃⊥0 − ðα1 − α3Þððð−3þ 5α3Þθ̃⊥2 Þ=2þ α3θ̃⊥1 θ̃⊥0 ÞÞ ðA31Þ
Vðα1; α3Þ ¼ 360α1ð1 − α1 − α3Þα23ðκk3 þ ðð−3þ 7α3Þλk3Þ=2þ ð−1þ 2α1 þ α3Þωk3Þ ðA32Þ
Aðα1;α3Þ ¼ 360α1ð1 − α1 − α3Þα23ðð−1þ 2α1 þ α3Þλ̃k3 þ ðð−3þ 7α3Þω̃k3Þ=2þ ζk3Þ ðA33Þ
T ðα1; α3Þ ¼ 360α1ð1 − α1 − α3Þα23ðκ⊥3 þ ðð−3þ 7α3Þλ⊥3 Þ=2þ ð−1þ 2α1 þ α3Þω⊥3 Þ: ðA34Þ
7. Three-particle twist-four DAs
T ð4Þ1 ðα1; α3Þ ¼ 120α1ð1 − α1 − α3Þα3ðð−1þ 2α1 þ α3Þϕ⊥1 þ ϕ⊥0 þ ð−1þ 3α3Þϕ⊥2 Þ ðA35Þ
T ð4Þ2 ðα1; α3Þ ¼ −30α23ð−ðð−1þ 2α1 þ α3Þððð−3þ 5α3Þψ̃⊥2 Þ=2þ α3ψ̃⊥1 þ ψ̃⊥0 ÞÞ þ ðð−3ðα21 þ ð1 − α1 − α3Þ2ÞÞ=2
þ ð1 − α3Þα3Þθ̃⊥2 þ ð−6α1ð1 − α1 − α3Þ þ ð1 − α3Þα3Þθ̃⊥1 þ ð1 − α3Þθ̃⊥0 Þ ðA36Þ
T ð4Þ3 ðα1;α3Þ ¼ −120α1ð1 − α1 − α3Þα3ðð−1þ 3α3Þϕ̃⊥2 þ ð−1þ 2α1 þ α3Þϕ̃⊥1 þ ϕ̃⊥0 Þ ðA37Þ
T ð4Þ4 ðα1; α3Þ ¼ 30α23ð−ðð−1þ 2α1 þ α3Þððð−3þ 5α3Þψ⊥2 Þ=2þ α3ψ⊥1 þ ψ⊥0 ÞÞ þ ðð−3ðα21 þ ð1 − α1 − α3Þ2ÞÞ=2
þ ð1 − α3Þα3Þθ⊥2 þ ð−6α1ð1 − α1 − α3Þ þ ð1 − α3Þα3Þθ⊥1 þ ð1 − α3Þθ⊥0 Þ ðA38Þ
where we have replaced α2 ¼ 1 − α1 − α3 before the integration and we take ξ ¼ ū since the second quark is at the point
x ¼ 0. The q1 and q2 indicate the quark components of the vector meson. The ρ meson has both light quarks, hence
mq1 ¼ mq2 ¼ 0. The K meson has one strange quark and one light quark, thus mq1 ¼ ms but mq2 ¼ 0. The derived DA
parameters are given as follows:
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ψ⊥0 ¼ ζ⊥4 ðA39Þ
ψ̃⊥0 ¼ ζ̃⊥4 ðA40Þ
θ⊥0 ¼ −ð1=6Þκ⊥3 − ð1=3Þκ⊥4 ðA41Þ
θ̃⊥0 ¼ −ð1=6Þκ⊥3 þ ð1=3Þκ⊥4 ðA42Þ
ϕ⊥0 ¼ ð1=6Þκ⊥3 þ ð1=3Þκ⊥4 ðA43Þ
ϕ̃⊥0 ¼ ð1=6Þκ⊥3 − ð1=3Þκ⊥4 ðA44Þ
ϕ⊥1 ¼ ð9=44Þa⊥2 þ ð1=8Þω⊥3 þ ð63=220Þ⟪Qð1Þ⟫
− ð119=44Þ⟪Qð3Þ⟫ ðA45Þ
ϕ̃⊥1 ¼ −ð9=44Þa⊥2 þ ð1=8Þω⊥3 − ð63=220Þ⟪Qð1Þ⟫
− ð35=44Þ⟪Qð3Þ⟫ ðA46Þ
ψ⊥1 ¼ ð3=44Þa⊥2 þ ð1=12Þω⊥3 þ ð49=110Þ⟪Qð1Þ⟫
− ð7=22Þ⟪Qð3Þ⟫þ ð7=3Þ⟪Qð5Þ⟫ ðA47Þ
ψ̃⊥1 ¼ −ð3=44Þa⊥2 þ ð1=12Þω⊥3 − ð49=110Þ⟪Qð1Þ⟫
þ ð7=22Þ⟪Qð3Þ⟫þ ð7=3Þ⟪Qð5Þ⟫ ðA48Þ
ψ⊥2 ¼ −ð3=22Þa⊥2 − ð1=12Þω⊥3 þ ð28=55Þ⟪Qð1Þ⟫
þ ð7=11Þ⟪Qð3Þ⟫þ ð14=3Þ⟪Qð5Þ⟫ ðA49Þ
ψ̃⊥2 ¼ ð3=22Þa⊥2 − ð1=12Þω⊥3 − ð28=55Þ⟪Qð1Þ⟫
− ð7=11Þ⟪Qð3Þ⟫þ ð14=3Þ⟪Qð5Þ⟫ ðA50Þ
θk1 ¼ −ð7=10Þak1ζk4 ðA51Þ
θk2 ¼ ð7=5Þak1ζk4 ðA52Þ
ψk2 ¼ −ð7=20Þak1ζk4 ðA53Þ
θ⊥1 ¼ −ð21=10Þζ⊥4 a⊥1 ðA54Þ
θ̃⊥1 ¼ ð21=10Þζ⊥4 a⊥1 ðA55Þ
θ⊥2 ¼ ð21=5Þζ⊥4 a⊥1 ðA56Þ
θ̃⊥2 ¼ −ð21=5Þζ⊥4 a⊥1 ðA57Þ
ϕ̃⊥2 ¼ −ð21=20Þζ⊥4 a⊥1 ðA58Þ
⟪Qð1Þ⟫ ¼ −ð10=3Þζ⊥4 ðA59Þ
⟪Qð3Þ⟫ ¼ −ζ⊥4 ðA60Þ
⟪Qð5Þ⟫ ¼ 0 ðA61Þ
The numerical values for the DA parameters are given in
Table V.
The light quark masses are taken to be zero, namely,
mu ¼ md ¼ 0, and the mass of the strange quark at
μ ¼ 1 GeV is taken to be ms ¼ 0.137 GeV.
APPENDIX B: DETAILS OF CALCULATIONS IN
THE THEORETICAL PART
In this section, we present some steps of the calculations
needed in the theoretical analysis. In what follows, fðuÞ
and F ðαiÞ denote generic two- and three-particle DAs,


















1. Terms proportional to OðhGi0Þ





























TABLE V. The numerical values for the parameters in the DAs
for vector mesons ρ and K. The renormalization scale is
μ ¼ 1 GeV. The accuracy of these parameters are around 30%
to 50%.
ρ K ρ K ρ K
fV [GeV] 0.216 0.22 ζ
k
3 0.03 0.023 ω
⊥
3 0.55 0.3
fTV [GeV] 0.165 0.185 λ̃
k
3 0 0.035 λ
⊥
3 0 −0.025
mV [GeV] 0.77 0.892 ω̃
k
3 −0.09 −0.07 ζ
k
4 0.07 0.02
ak1 0 0.03 κ
k
3 0 0 ω̃
k
4 −0.03 −0.02
a⊥1 0 0.04 ω
k
3 0.15 0.1 ζ
⊥
4 −0.08 −0.05
ak2 0.15 0.11 λ
k
3 0 −0.008 ζ̃
⊥
4 −0.08 −0.05
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xμKiKjfðuÞ →











































































ðM2Þ−3þiþj × −4ð−1þ αÞðM

































−4ð−1þ αÞðM2ð−1þ iþ jÞαþm2QÞ þ 4αm2Q0
αðα − 1Þ ðB5Þ
xμxνx2KiKjfðuÞ →



























× ðM2Þ−3þiþj −4ð−1þ αÞðM
2ð−1þ iþ jÞαþm2QÞ þ 4αm2Q0




























α2ð−1þ αÞ2 × ðM
4ð−2þ iþ jÞð−1þ iþ jÞð−1þ αÞ2α2
þ ð−1þ αÞ2m2Qð2M2ð−2þ iþ jÞαþm2QÞ − 2ð−1þ αÞαðM2ð−2þ iþ jÞαþm2QÞm2Q0 þ α2m4Q0 Þ ðB7Þ
xμx4KiKjfðuÞ →




























α2ð−1þ αÞ2 × ðM
4ð−2þ iþ jÞð−1þ iþ jÞð−1þ αÞ2α2
þ ð−1þ αÞ2m2Qð2M2ð−2þ iþ jÞαþm2QÞ − 2ð−1þ αÞαðM2ð−2þ iþ jÞαþm2QÞm2Q0 þ α2m4Q0 Þ
ðB8Þ
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xμxνx4KiKjfðuÞ →






























4ð−2þ iþ jÞð−1þ iþ jÞð−1þ αÞ2α2
þ ð−1þ αÞ2m2Qð2M2ð−2þ iþ jÞαþm2QÞ
− 2ð−1þ αÞαðM2ð−2þ iþ jÞαþm2QÞm2Q0 þ α2m4Q0 Þ: ðB9Þ
2. Terms proportional to OðhGi1Þ
























































































































































































































































× ðM2Þ−3þiþj −4ð−1þ αÞðM













































× ðM4ð−2þ iþ jÞð−1þ iþ jÞð−1þ αÞ2α2 þ ð−1þ αÞ2m2Qð2M2ð−2þ iþ jÞαþm2QÞ













































× ðM4ð−2þ iþ jÞð−1þ iþ jÞð−1þ αÞ2α2 þ ð−1þ αÞ2m2Qð2M2ð−2þ iþ jÞαþm2QÞ














































4ð−2þ iþ jÞð−1þ iþ jÞð−1þ αÞ2α2
























For terms containing q · x, we perform the following operation:
ðq · xÞnfðuÞ →
(








0 dv1fðv1Þ; n < 0
ðB20Þ
ðq · xÞnF ðαiÞ →
8<
:
ð iu ∂∂α3ÞnF ðαiÞ; n > 0
ð−iuÞ−n R α30 dαðnÞ3    R αð3Þ30 dαð2Þ3 R αð2Þ30 dαð1Þ3 F ðα1; 1 − α1 − αð1Þ3 ; αð1Þ3 Þ; n < 0 ðB21Þ
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